An expression for the average redshift drift in a statistically homogeneous and isotropic dust universe is given. The expression takes the same form as the expression for the redshift drift in FLRW models. It is used for a proof-of-principle study of the effects of backreaction on redshift drift measurements by combining the expression with two-region models. The study shows that backreaction can lead to positive redshift drift at low redshifts, exemplifying that a positive redshift drift at low redshifts does not require dark energy. Moreover, the study illustrates that models without a dark energy component can have an average redshift drift observationally indistinguishable from that of the standard model according to the currently expected precision of ELT measurements.
I. INTRODUCTION
Modern cosmology revolves around the dark energy problem -the fact that the standard model of cosmology presumes that the present day energy density of the Universe is dominated by a substance known as dark energy of which the physical origin is entirely unknown. A large number of theories have been proposed as the physical foundation for dark energy and several of the resulting cosmological models are not falsifiable by current observations. Constraining and eventually excluding physical models of dark energy with future observations is a top priority goal in cosmology.
Different physical models of dark energy generally lead to different overall dynamics of the Universe. Hence, observables that yield information about the expansion history of the Universe, described by the Hubble parameter H(z), are important for reaching this goal. One such observable is the redshift drift δz. This quantity describes the minute temporal changes in the redshift of a comoving luminous source that take place because of acceleration or deceleration of the Universe's expansion. The fact that such a drift in the redshift should in principle occur in any non-coasting universe was first realized in the 1960's [1, 2] . It was initially deemed futile to measure the redshift drift since it would require time intervals of the order 10 7 years with the technology available at that time. It was later [3] proposed that more modern technology might allow redshift drift measurements by using e.g. the Lyman α forest at high redshifts (z 2.5) as observable. Elaborating on this suggestion, it is today estimated that the next generation of extremely large telescopes (ELTs) can be used to measure the redshift drift of absorption lines of QSO spectra in the redshift range 2 z 5 using time intervals of the order 10 − 100 years [4] [5] [6] [7] 1 . Thus, measuring the redshift drift has become a practicable possibility 2 .
The redshift drift in FLRW models is given by the expression:
Subscripts 0 denote time of observation (present time) while the subscript e denotes evaluation at the time of emission. δt 0 is the time interval between two measurements of the redshift of a given source. The formula shows that if the Hubble constant is known, e.g. through low-redshift supernova observations, then measurements of the redshift drift directly yield H(z) for any cosmological model with an FLRW metric. Thus, δz is highly dependent on the expansion history of the Universe and it is the hope that future measurements of δz over large redshift intervals will put significant constraints on the expansion history of the Universe and hence on possible solutions to the dark energy problem. It has, for instance, over the last couple of decades become clear that a large local void with us near its center can lead to redshift-distance relations equal to those predicted by the standard model but without introducing dark energy (see e.g. [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] ). It turns out that such models generally have redshift drifts that deviate significantly from that of the standard model [21] [22] [23] [24] [25] [26] . One difference which has gotten particularly much attention is that the redshift drift is negative in LTB void models for all redshifts [26] while it is positive at small redshifts in the standard model. Redshift drift measurements should thus make it possible to exclude either the standard model or the cosmological models based on LTB models with us at the center of a large void mimicking accelerated expansion. It should be noted that a large local void does not exclude a positive redshift drift at low redshifts; if the given model includes a dark energy component, the redshift drift may be positive at low redshifts regardless of the existence of a local void. The possible existence of such a local void is important e.g. for dark energy phenomenology and parameter inferences based on standard observables [27] [28] [29] [30] [31] [32] [33] .
Aside from in local void models, redshift drift has been studied in e.g. Stephani models [34, 35] , Bianchi models [36] , models of holographic dark energy [37, 38] , f (R) models [39] , models with a varying value of c [40] , timescape models [41] , and a variety of different types of dark energy models and models of modified gravity [7, [42] [43] [44] [45] [46] [47] [48] [49] [50] [51] [52] [53] . The studies show that different models will generally lead to different predictions of δz, even in cases where e.g. redshift-distance relations are similar.
There is currently much focus on how inhomogeneities can affect observations and their interpretation. One particularly intriguing effect of inhomogeneities is cosmic backreaction which is a consequence of the noncommutativity of temporal development and spatial averaging in general relativity (see e.g. [54] [55] [56] [57] for introductions and reviews to cosmic backreaction). This effect leads the average evolution of inhomogeneous spacetimes to generally deviate from that of an FLRW spacetime even if the inhomogeneous spacetime has a homogeneity scale. Cosmic backreaction can lead to on-average accelerated expansion of the universe even though the local expansion is decelerating everywhere (see e.g. [58] [59] [60] [61] [62] for explicit examples and e.g. [63] [64] [65] for general considerations). This has led to the backreaction conjecture which proposes that the seeming need for dark energy is simply the result of neglecting cosmic backreaction when interpreting observations through FLRW predictions.
Cosmic backreaction can in principle mimic a cosmological constant [66] , although studies indicate that this is unlikely at least within the restricted setting of perturbation theory [67] . In general, the backreaction conjecture is expected to lead to a different expansion history than that predicted by the standard model. As a result, redshift drift measurements in agreement with standard model predictions could be considered basis for rejecting the backreaction conjecture from the pool of viable physical explanations of dark energy. The purpose of this work is to assess the validity of such a statement. In order to do this, an expression for the average redshift drift in a statistically homogeneous and isotropic dust cosmology is derived. The resulting expression is valid even in the case of significant backreaction. By using two-region models (see section II C), the expression is used to study the possibility of obtaining average redshift drifts in models without dark energy, that are observationally indistinguishable from the redshift drift of the standard model.
II. REDSHIFT DRIFT IN A STATISTICALLY HOMOGENEOUS AND ISOTROPIC DUST UNIVERSE
In [68] (see also [69] ), the expression for the redshift in a (spatially) statistically homogeneous and isotropic dust universe was derived. That derivation is the basis for obtaining an expression for the redshift drift in a statistically homogeneous and isotropic dust universe. It will thus be summarized below, functioning as a means of introducing the physical setup and notational conventions.
It is assumed that the dust is irrotational, implying that the spacetime can be foliated with spatial hypersurfaces orthogonal to the velocity field of the dust [70] , i.e. the dust is comoving and the metric can be assumed to take a form corresponding to the line element:
The components of the spatial metric g ij are arbitrary except that the metric is assumed to describe a statistically homogeneous and isotropic space. The velocity field of an observer comoving with the dust is denoted by u µ and can be split into an expansion part, a shear part and a vorticity part as given by the equation (see e.g. [70, 71] or chapter 9 of [72] ):
A subscripted semicolon denotes covariant differentiation. The tensor h µν is the projection tensor projecting onto the 3-space orthogonal to u µ . In the case of irrotational dust, the vorticity vanishes and so ω µν is assumed to be zero in the following. It is then the expansion scalar θ := u µ ;µ and the traceless shear tensor 3 σ µν := u (µ;ν) − 1 3 θh µν which will be important.
Using the setup introduced above, an analysis in [68] shows that the redshift in a dust spacetime can be written as an integral along the given null-geodesic as follows:
e µ is a unit vector field orthogonal to u µ and gives the propagation direction of the light ray as seen by an observer moving with velocity u µ , i.e.
. This expression is in [68] related to average quantities, where the average is defined following the Buchert averaging scheme (see e.g. [54, 57] ). Using this scheme, the spatial average of a scalar field Ψ over a comoving spatial domain D is defined as:
The spatial volume element is given by dV = | det(g ij )|d 3 x.
Using this definition of scalar averages, a scale factor can be introduced as a :=
The expression for the redshift given in equation (4) is in [68] related to the average redshift by arguments that will only be summarized here. The reader is referred to [68, 69] for further details. In a statistically homogeneous and isotropic universe, there is no preferred direction and so the projection of the shear along e µ should be small when integrated over distances that are long compared to the homogeneity scale. The integral will only vanish identically in an exactly homogeneous and isotropic universe, but in a statistically homogeneous and isotropic universe the term σ µν e µ e ν will lead to a subdominant contribution in the integral above, compared to the term 1 3 θ. The expansion scalar can be split into an average part and a fluctuation field ∆θ such that θ = θ + ∆θ. ∆θ is not necessarily small compared to θ , but if structures evolve slowly compared to the time it takes light to travel the distance of the homogeneity scale, then the contribution of ∆θ to the integral above should be much smaller than that of θ ; if structures are approximately static during the time it takes a light ray to travel a distance corresponding to the homogeneity scale, then the redshift gained after traveling such a distance should be the same for all geodesics (up to statistical fluctuations). Thus, ∆θ should only lead to statistical fluctuations of measured redshifts. A rough estimate of the contribution of ∆θ to the above integral is given in [68] with the result that the contribution can be expected to be of the order 10 −3 . One point of concern with the above discussion is that it is tacitly assumed that light rays "sample" space "fairly" when they propagate through spacetime, i.e. it is assumed that light rays do not consistently avoid or prefer a specific type of region such as voids or large overdensities. If this assumption is incorrect, the integral of ∆θ along a null-ray will be equal to a non-zero off-set, instead of being equal to zero, up to statistical fluctuations. This will again lead the actual average observed redshift to deviate from the expression in equation 6 below. It was for instance found in [73] that if voids have a narrow shape and are highly anisotropic, light rays will consistently avoid the central part of the voids. However, a study of averaging over several light rays in swiss cheese models based on more realistic void profiles indicates that light rays on average will sample space fairly [74] . An unfair sampling of space could also be expected to occur because baryonic matter bound in high-density structures is impermeable to light and so any light ray that reaches such highly dense region will never reach us. Since most matter is dark, it seems likely that this should not lead to a significant bias of the average observed redshift.
Overall, it seems reasonable to assume that observed light rays will sample space fairly, although a more thorough study of this may be appropriate 4 .
From the above discussion, it follows that the redshift will approximately be equal to its average and can be written as:
3 The standard notation T (µν) := (Tµν + Tνµ) is used. 4 It is noteworthy that the result of [68, 69] , indicating that the Dyer-Roeder approximation for distance-redshift relations is incorrect, may change if observed light rays are not assumed to sample spacetime fairly. An unfair sampling of space by light rays is exactly the assumption upon which the Dyer-Roeder expression is based.
The average redshift can be understood as the average redshift of light emitted from a given spatial hypersurface and observed at t = t 0 by an observer comoving with the dust. It follows straightforward from the Buchert averaging scheme that 3 a ,t a = θ , where subscripted commas followed by one or more coordinates indicate partial differentiation with respect to the indicated coordinate(s). Thus, the above expression reduces to:
An example of the difference between the average redshift and the exact redshift along individual rays can be seen in figure 9 of [75] where swiss-cheese models based on LTB models with significant backreaction are studied.
A. The average redshift drift
The redshift drift measured in a time interval δt 0 is to first order given by δz = dz dt0 δt 0 = z(t e + δt e ) − z(t e ). According to the previous discussion this can be written as:
Aside from the brackets indicating spatial averaging, this expression is identical to the expression for the redshift drift in FLRW models. It can be written in a more convenient form by using the Taylor expansion a(t + δt) ≈ a(t) + a(t) ,t δt. Inserting this into the above equation yields:
The Hubble parameter has here been defined by H := a ,t a . The last step is to obtain a relation between δt e and δt 0 . Since there are no peculiar velocities with the assumed foliation of spacetime, δt0 δte = 1 + z follows directly from the geometric optics approximation (see e.g. chapters 7 and 15 of [71] or section 3.2 of [76] ). As illustrated by the equality δt0 δte = 1 + z, δt e is a quantity that in principle needs to be averaged. However, z ≈ z implies that δt e ≈ δt e , where δt e is the time interval corresponding to δt 0 averaged over the spatial hypersurface at t = t e .
The above considerations show that the expression for the redshift drift can be written as:
Aside from the indicated approximation and the brackets indicating spatial averaging, this is exactly the same expression as for FLRW spacetimes. The expression is also the same as that obtained for timescape backreaction models [41] , where the result is obtained by introducing a local, average metric based on"dressed" parameters (see e.g. [77] for an introduction to the concept of dressed parameters). The expression for the average redshift drift given in equation (10) is in principle also stated in [69] . In relation to that statement, concern is expressed regarding the potential importance of fluctuations around δz due to the small size of δz itself. This point is discussed in subsection II B, where the justification of equation (10) is studied more closely.
The expression in equation (10) is valid not only for dust models, but also models containing one or more dark energy components with vanishing sound speed; such components will not have pressure gradients and will thus follow a geodesic flow. If the individual components are comoving initially, they will stay comoving and so the comoving, synchronous foliation of spacetime with space orthogonal to the flow lines is permitted.
Before moving on, it should be noted that an expression for the average redshift drift has earlier been derived using light-cone averages (see [78] ). However, the spatially averaged redshift drift is related to observables; the redshift drift of a luminous object deviates from the spatially averaged redshift drift only by statistical fluctuations. Although the light-cone approach certainly has its merits, it does thus not seem to be immediately necessary to introduce light-cone averaging for redshift drift considerations.
B. Deviations from the average redshift drift
Equation (10) gives an expression for the average redshift drift measured by an observer comoving with the dust in a statistically homogeneous and isotropic universe. In that equation, it is also implied that deviations between the average redshift drift and the exact redshift drift of a given luminous object are small. That assessment is considered more carefully in this subsection.
The exact redshift drift can be written as:
The factors X s1 and X s2 depend on the particular source and observer and are given by:
According to the arguments given in [68] and summarized in the previous subsection, each of these two factors are approximately equal to one. In addition, the two factors are approximately equal under the assumption that δt 0 and δt e are small compared to both the scale of cosmic structure formation and compared to the time interval t 0 − t e . These two assumptions are already inherent for discussing the redshift drift in the range 2 z 5, and stating that X s1 ≈ X s2 is similar to noting that the redshift drift is a small quantity (typically of order 10 −10 − 10 −8 on a time scale of ∼ 10 years for a source at z ≈ 4). The former part of the assumption ensures that the light emitted from a given source and observed at the two different epochs has traveled along only negligibly different spacetime paths. The assumption then ensures that the functions under the two integrals can be considered the same even though they are in principle traced along two different null-geodesics. The latter assumption is necessary for the obvious numerical reason that two integrals over the same integrand are only equal if the integration limits are the same (or if the integrand vanishes or is self-canceling where the integration limits differ which is also possible in the considered physical setup).
Since X s1 ≈ X s2 ≈ 1 and δt e ≈ δt e , the approximation δz ≈ δz should be fairly safe, especially considering that real observations will presumably be made with several sources at similar redshifts such that an average can be made to reduce errors due to statistical fluctuations.
The question of whether deviations from the average value are important for redshift drift observations has also been considered elsewhere with the focus mainly being on peculiar motion. Peculiar motion was neglected above since the spacetime foliation was chosen to be comoving. In the real universe, peculiar motion may be an important source of contamination of redshift drift measurements. This possibility has been studied elsewhere with the conclusions generally being that peculiar velocities will have negligible effect on redshift drift observations while peculiar acceleration might have a significant effect which should however vanish upon averaging over several objects [3, 4, [79] [80] [81] [82] [83] (see e.g. also [84] ). In appendix A, the exact redshift drift is computed in swiss-cheese models containing dust and dark energy. These computations are in accordance with the assumption that fluctuations of the redshift drift about the average value are small.
The local environment of the observer may bias observations and this is not taken into account in the expression given in equation (10) . However, it is illustrated in appendix A that very large and deep voids are needed in order to compromise redshift drift measurements. Effects of a local overdensity has not been studied as such are expected to be of the same size as those caused by a local underdensity.
C. Redshift drift in two-region models
Two-region models [56, 61, 62] (se also e.g. [85, 86] ) are simple toy-models that can be used to illustrate consequences of non-vanishing cosmic backreaction. Two-region models consist of two non-interacting regions that each behave according to the Friedmann equations, but where the FLRW parameters are different in the two regions.
The average scale factor of a two-region model is given by a = , where subscripts o, u indicate the two separate regions. Since the two individual regions are non-interacting, the average Hubble parameter is simply given by:
The two-region models studied here are based on the two-region model considered in e.g. [61] . In this type of tworegion models, the underdense region is completely empty while the overdense region is a closed matter-only FLRW model. In such a model, cosmic time and the scale factors can be related to the development angle φ of the overdense region as follows:
The models studied here are defined by setting φ 0 = 3/2π and by requiring that the average Hubble constant takes the value H 0 = 70km/s/Mpc. f o and f u = 1 − f o are the volume fractions of the over-and underdense regions at φ = π. The parameter f o is varied in order to obtain two-region models with different expansion histories.
Two-region models can be related to statistically homogeneous and isotropic universes as follows. The spatial hypersurfaces of a statistically homogeneous and isotropic universe can be divided into areas that are overdense and areas that are underdense compared to some threshold value. The two-region models can be considered the simplest attempt to include effects of inhomogeneities by splitting the spacetime into one part describing the total underdense portion of the spacetime and one part describing the entire overdense portion. Both regions are approximated as being described by an FLRW model. In the particular two-region models used here, the underdense region is for simplicity modeled as empty, but it could instead have been modeled e.g. as an open matter-only FLRW region (see e.g. [87] for an example of such a model). When viewed in this manner, the two-region models can be considered a simple subclass of the multiscale models introduced in [88] (see e.g. also [89] ) 5 . Cosmic backreaction is an effect that occurs because of spatial averaging. Clearly, much of this averaging is neglected in the two-region models if they are to be considered as just described. The two-region models are nonetheless useful for proof-of-principle studies of effects of cosmic backreaction.
III. THE SPECTRAL VELOCITY SHIFT IN PARTICULAR TWO-REGION MODELS COMPARED TO EXPECTED ΛCDM OBSERVATIONS
Redshift drift leads to a spectral velocity shift δv := cδz 1+z . The accuracy of a δv measurement of high-redshift QSO spectra with the next generation of ELTs was investigated in [4] , leading to the following expression for the expected measurement uncertainties:
S/N is the signal-to-noise ratio per 0.0125Å pixel, N QSO is the number of targets at a given redshift z QSO , and β = −1.7 for z QSO ≤ 4 while β = −0.9 otherwise. The factor α is equal to 2 if only HI absorption lines are considered, and reduces to 1.35 if all available absorption lines are included. Following [50] , the values N QSO = 40, S/N = 3000 and δt 0 = 30 years will be used in the following when estimating uncertainties in δv (unless otherwise stated). The 40 observed spectra will be assumed equally distributed over 5 redshift bins with equally spaced centers in the range 2 ≤ z ≤ 5. The smaller factor α = 1.35 will be used. The results shown below include error bars based on the specifications given above assuming that the true cosmological model is given by a flat ΛCDM model with Ω m,0 = 0.3 and H 0 = 70km/s/Mpc. Models with redshift drifts falling inside the error bars would be observationally indistinguishable from this ΛCDM model as far as redshift drift measurements are concerned. In other words, models with their redshift drift falling inside the error bars would be mistaken for the ΛCDM model when redshift drift observations are interpreted using FLRW cosmology. The difference between the velocity shift of a ΛCDM model and a variety of (similar) two-region models is shown in figure 1 . The average Hubble parameters of the models are also shown, illustrating the differences in the expansion histories of the models. As seen, all of the two-region models' velocity shifts deviate from the ΛCDM model's at a level above the accuracy expected for the ELT measurements. This indicates that measurements of δz in the time interval δt 0 = 30 years would be able to distinguish between the two-region toy-models and the ΛCDM model. However, it is not unrealistic to expect that δz measurements will be made with δt 0 < 30 years. For instance, several of the papers cited earlier use δt 0 = 10 − 20 years. The measurement of a redshift at the required precision is quite time-consuming. The number of years needed in order to make sufficiently accurate measurements of the redshift drift in a time interval δt 0 will in practice most likely be several of decades longer than δt 0 ; a sufficiently accurate measurement of the redshift at just a single epoch is expected to require in the order of 10 years [6, 50] e.g in order to achieve a high level of signal-to-noise. δt 0 is the time between two separate measurements and does not include these decade-long measuring times. Thus, curiosity induced impatience could easily lead to early redshift drift measurements based on δt 0 < 30 years. Small δt 0 may also be used simply because it has been noted [4] that measuring at more than two epochs may be beneficial for the accuracy of redshift drift measurements. One could then expect that several measurements of the redshift of specific QSOs will be made successively, decades apart over several decades, perhaps centuries, to come. In conclusion, it is interesting to see how small δt 0 must be in order for the two-region models studied here to have velocity shifts that are observationally indistinguishable from that of the ΛCDM model. The result of such a study is δt 0 18 years. The velocity shift corresponding to δt 0 = 18 years of a particular two-region model is shown in figure  2 . The figure also shows the redshift-distance relation for the particular two-region model, illustrating that the model also makes a reasonable reproduction of the observed redshift-distance relation of supernovae. The redshift-distance relation for the two-region model has been computed following the results of [68, 69] (see also [87] ) which include an ODE for the average angular diameter distance, D A , in terms of the average redshift:
The initial conditions are given by D A (0) = 0,
Note that it is possible to construct two-region models with a redshift drift that is observationally indistinguishable from that of the ΛCDM model even for δt 0 ≥ 30 years. The caveat is that this requires abandoning the restriction that the average Hubble parameter has a present time value equal to the Hubble constant of the ΛCDM model used in the comparisons (H 0 =70km/s/Mpc). Such models will generally have a redshift-distance relation that deviates significantly from that of the ΛCDM model. Lastly it is noted that, as shown in figure 3 , the redshift drift of all the studied two-region models is positive at low redshifts. This illustrates the fact that observing a positive redshift drift at low redshifts is not a cause to reject any cosmological model that does not include a locally accelerating expansion of the Universe 6 . One caveat with this statement is the issue of the relevance of averaging at low redshifts which corresponds to averaging over small volumes. As discussed in the next section, this is not an issue relevant for redshift drift considerations as the redshift drift is primarily expected to be measured at redshifts above z ≈ 2 with the redshift drift at smaller redshifts being inferable from high-redshift observations. 
IV. DISCUSSION
An expression for the average redshift drift in a statistically homogeneous and isotropic universe was derived. The expression has the same form as for FLRW models, but the quantities that enter are now average quantities which because of cosmic backreaction may behave differently than those of FLRW models. The redshift drift of an individual object will in general deviate from the average value but such statistical fluctuations are estimated to be small. This estimate is based partially on the results of others and partially on a study based on swiss-cheese models presented in appendix A.
The average expression for the redshift drift is only useful for observations above the homogeneity scale. This could be expected to be a problem since the redshift drift at low redshifts is particularly interesting; the redshift drift at low redshifts is positive for the ΛCDM model while it is negative for many models without a dark energy component. However, since redshift drift measurements with the ELT are expected to be made primarily in the redshift range 2 z 5, this issue does not pose an immediate problem for redshift drift measurements. In e.g. [4] it is explained how high-redshift measurements of the redshift drift can lead to information about the redshift drift at low redshifts.
In order to study the possibility of using redshift drift measurements to observationally distinguish between the standard model and the backreaction conjecture, the average redshift drift in different two-region models has been computed. It was possible to construct simple two-region models that lead to a velocity shift indistinguishable from that of the ΛCDM model in cases with δt 0 18 years. For longer δt 0 , the differences between the predictions of the two-region models and the ΛCDM model become larger than the expected uncertainty in velocity shift measurements with the next generation of extremely large telescopes. Exceptions to this statement can be found if the redshiftdistance relations of the two-region models are permitted to deviate significantly from that of the ΛCDM model.
The two-region models are simple (toy-)models of inhomogeneous universes and so a quantitative analysis based on these models cannot be used to conclude with certainty to what extent the backreaction conjecture and standard model can be distinguished through redshift drift measurements. The results obtained here instead simply illustrate that backreaction can lead to an expansion history of the Universe which is indistinguishable from that of the standard model with redshift drift measurements, at least if δt 0 18 years. Taking into account that the measurement of a redshift value at a single epoch is expected to take around 10 years, it will thus be long (several decades to a century) before redshift drift measurements become precise enough for them to seriously distinguish between standard cosmological models and models based on the backreaction conjecture. In addition, the important feature that the redshift drift of the ΛCDM model is positive at low redshifts is also fulfilled for many two-region models.
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Appendix A: Redshift drift in swiss-cheese and local void models
In this appendix, spherically symmetric void models and swiss-cheese models based on these will be used to study inhomogeneity induced deviations of the redshift drift from its average value. The appendix is divided into four subsections. First, the spherically symmetric models are introduced. After that, the procedure for computing the redshift drift in these models is summarized, and finally the obtained results are shown.
Spherically symmetric models with inhomogeneous dust and dark energy
The exact solution to Einstein's field equations for spherically symmetric cosmological models containing n decoupled, non-comoving perfect fluids was presented by Valerio Marra and Mikko Paakkonen in [91] . A special limit of these are the spherically symmetric models with an inhomogeneous dust (dark matter) component and an inhomogeneous dark energy component. These models can be simplified by restricting the dark energy sound speed be zero such that the dust and dark energy is comoving (assuming that they start out comoving). Such simplified models are the ones that will be considered in the following, and will for notational simplicity be referred to as the "MP" models.
Below, a summary of the dynamics of MP models is given, followed by a specification of the particular models used here. The reader is referred to [29, 91] for details.
The line element of the MP models can be written exactly as the line element of the LTB models i.e.:
The dynamical equations can be written as:
The topmost equation is a rewriting of the equation defining M = M (t, r). The main difference between the above set of equations and the equivalent equations for LTB models is that M has a time dependence due to the pressure of the dark energy component.
The above four equations make up a set of coupled ODEs that can be solved simultaneously. The initial conditions which have been used here will be described below. There is no need for a differential equation for the dark matter component's density field as this can be obtained simply as ρ dm (t, r) = ρ dm (t i , r)
A 2 (t,r)A,r(t,r) .
The MP models will be used to construct single void models that reduce to FLRW models either outside some specific boundary value r b of the radial coordinate, or asymptotically. This FLRW model will be referred to as the background of the model. The dark energy component has an equation of state parameter ω de < −1/3 and will be sub-dominant to the dark matter component at early times. Hence, at early times, the dark energy component can be ignored and the model reduces to a regular LTB model. By setting the initial conditions at early times, these can thus be set by approximating the MP model as an LTB model. There are then two free functions and an extra degree of freedom due to the coordinate covariance of the radial coordinate. In addition, an equation of state parameter for the dark energy component must be specified. The initial conditions will be set at the background time of last scattering (i.e. at a = 1 1100 , where a is the scale factor of the background model). The coordinate covariance is removed by setting A(t i , r) = a(t i )r. The big bang time is set equal to zero. Under this requirement, it can be shown [92] that the curvature function k(r) can be related to the density perturbation by the approximate relation δM dm (t i , r) = . Since the dark energy sound speed is set equal to zero, the dark energy pressure is homogeneous, p de = p de,bg , where p de,bg is the pressure of the dark energy component in the background (see [29, 91] regarding details of the dark energy component's equation of state parameter).
The final specification of the initial conditions is made by choosing the functional form of k(r) and by specifying background functions including ω de,bg . The functions studied here have k(r) given by one of the two following functional forms:
for r ≤ r b and k(r) = 0 for r > r b (A3)
The parameters k max , n, r b , ∆r, σ are varied. In all the models, k max is of the order 10 −10 − 10 −9 , r b and σ are always of the same order as each other, and ∆r ∼ 10.
Redshift drift along radial rays in spherically symmetric models
A set of ODEs that can be used to obtain the redshift drift along radial rays in LTB models was given in e.g. [26] and the results were later generalized to axially symmetric Szekeres models and Szekeres models with no symmetries [93] [94] [95] . Here, the ODEs presented in [26] are sufficient and will be listed below.
Radial null-geodesics can be described by the two ODEs:
Note that the sign conventions are here chosen to fit a situation with r 0 < r e , but the sign conventions in the ODEs may be changed to suit the reverse situation. This is needed e.g. when working with swiss-cheese models, where it can be convenient to introduce a "global" radial coordinate.
The redshift drift is defined as δz := z(t + δt) − z(t), where δt is a small time interval corresponding to the small observer-based time interval δt 0 . Inserting this into the two equations above and introducing a Taylor expansion leads to the following further ODEs when only first order terms in δz and δt are kept:
These four ODEs can be solved simultaneously to obtain the redshift drift as a function of the redshift along radial rays in MP models. In [26] , the differential equations are transformed into equations where the differentiations are with respect to the redshift. This is done under the restriction of only considering models where the redshift is monotonic along the null-geodesics. This requirement is generally not fulfilled and in particular, some of the models studied here do not fulfill it. The set of ODEs is thus kept as above, where the differentiation is with respect to the radial coordinate.
Note that an analytic expression for the redshift drift as seen by a central observer in an LTB universe was derived in [23] (and given in equation 9 of [23] ). The definition of the redshift drift in [23] appears to be slightly different than the definition used here, although the two definitions agree in the FLRW limit. The latter is explicitly demonstrated in [23] while the former e.g. can be seen numerically by comparing the redshift drift defined in [23] to the redshift drift computed with equation (A6), or by comparing the differential equation in (A6) with the equivalent equation obtained by differentiating the redshift drift corresponding to equation 9 in [23] . At least for the models studied here, the difference between the two redshift drifts is small and does not lead to qualitative differences in the study described in this appendix.
Upon averaging over the entire double-structure of the void-wall models used here, the average evolution reduces to that of the background of the particular model. Thus, the models considered in the following have vanishing backreaction and the average redshift drift in the models is simply the redshift drift of the background models.
Redshift drift: effects of local voids
The expression for the (average) redshift drift given in equation (10) does not take possible effects of the local environment into account. By computing the redshift drift in different void models, it is here studied how large a local void is likely to need to be in order for it to bias redshift drift observations at an observationally significant level. All the results shown below were obtained by setting δt 0 = 30 years. Figure 4 shows the velocity shift in different void models with an Einstein-de Sitter (EdS) background defined by H 0 = 70km/s/Mpc. Figure 5 shows the same for models with a ΛCDM background defined by H 0 = 70km/s/Mpc, Ω dm,0 = 0.3 and Ω Λ = 0.7. The figures indicate that voids must be very deep and large (∼Gpc radius) in order for them to affect observations. Note also that the voids must be significantly larger and deeper when the background is a ΛCDM background. This is expected since the cosmological constant comprises the larger part of the present time energy density and is homogeneous. The total overdensity
is thus significantly smaller than the matter overdensity
in models with the ΛCDM model as their background. As will be shown in the next subsection, the density fluctuations of dark energy components generally remain small compared to the dark matter density fluctuations of the same model. Changing ω de slightly from -1 will therefore not change the result that in models dominated by dark energy, the dark matter perturbations must be larger and deeper than in pure dark matter models, in order for the density fluctuations to have significant impact on redshift drift observations.
Aside from the backgrounds used in the two figures being different, the void profiles have also been modeled differently; the models with the LTB backgrounds have been modeled using k(r) as in equation (A3) while the models with the ΛCDM background have been modeled with k(r) as given in equation (A4). The void profile does not seem to be particularly important for the redshift drift. This is illustrated in the top row of figure 6. The figure shows that the void profile is mildly important for the effects on the velocity shift, but the overall effect of voids on the redshift drift/velocity shift does not seem to depend much on the particular density profile (consistent with remarks made in [25] ). Instead, the important void characteristics are the void depth and radial extent. The results obtained above are based on studying particular inhomogeneous solutions to Einstein's equations. Other void models may in principle lead to different results. It does, however, seem reasonable to expect that the results obtained here will be valid in general at a qualitative level. I.e. it will presumably generally be the case that large voids are needed in order for local voids to affect redshift drift measurements at a significant level. Even in this case, the results here do not guarantee that large voids will be detectable with redshift drift measurements and that small voids will not affect observations. The former is illustrated in the bottom row of figure 6 which shows the shift in the velocity shift compared to the background (ΛCDM) model. The velocity shift is shown for two models. The model with the larger, deeper void has a velocity shift deviating from that of the background model's at a level that is below the expected accuracy of the next generation ELT measurements. The velocity shift of the model with the smaller void deviates more.
The effects of local overdensities have not been studied here but it is expected that the results will be qualitatively the same: Large, high overdensities are needed in order for the redshift drift to be affected at a level important for observations. See e.g. [26] for a study that includes effects of large local overdensities.
Note lastly that the primary reason that voids need to be extremely large in order to affect observations is that ELT observations of the redshift drift are expected to be made only at large redshifts. Depending on the size of the uncertainty of low-redshift measurements, such measurements of the redshift drift may be affected by much smaller voids.
Redshift drift in swiss-cheese models
Even disregarding large local structures, the redshift drift of a given object will not be exactly equal to the average redshift drift except in models that are exactly spatially homogeneous and isotropic. As discussed in section II B, statistical fluctuations about the average value are expected to be small and negligible as long as observational results are averaged over a reasonable number of observed objects.
As an illustration of the size that the fluctuations in the redshift drift can be expected to have, the redshift drift has been computed in four different swiss-cheese models. The models are constructed by combining single void models based on k(r) given in equation (A3). The four models are based on four different backgrounds: an EdS model, a ΛCDM model and two ωCDM models with ω = ω de = −0.8, −1.2. The redshift drift has, in each model, been computed along a single ray that propagates radially through consecutive voids with present time radii of approximately 60Mpc. The results are shown in figure 7 . The fluctuations in the redshift drift compared to the background (and hence average) redshift drift are barely visible. The figure also shows the corresponding shift in the velocity shift compared to the background velocity shift. As seen, the fluctuations in the velocity shift are well below the accuracy expected from the next generation ELT observations. The results are based on δt 0 = 30 years.
The density along the four rays is shown in figure 8 . The dark matter densities along the four rays are not particularly distinguishable from each other and the point with the figure is merely to illustrate the order of the size of the density fluctuations. The dark energy fluctuations are clearly distinguishable from each other since ω < −1 leads to fluctuations of the opposite sign of the dark matter fluctuations. Note that the density fluctuations of the dark energy components are much smaller than the perturbations in the dark matter density fields (see e.g. [91] for an elaboration of this point). The redshift drift and velocity shift fluctuations shown in figure 7 are due to inhomogeneities in the density and thus the geometry of spacetime, and not actually peculiar velocities. As shown in e.g. [73, 96, 97] (see also [92, 98, 99] ), inhomogeneities in spacetime can be interpreted in terms of peculiar velocities. The study conducted here can therefore equally be considered as illustrating effects of peculiar velocity fields as showing effects of an inhomogeneous geometry. However, studies based on e.g. perturbation theory indicate that peculiar acceleration is more important than effects of peculiar velocity. Since no actual peculiar velocity or acceleration fields have been computed here, the results presented above should be considered with caution. In addition, the results shown here are for specific swiss-cheese models. The fluctuations in the velocity shift may be significantly larger in other models. For example, the voids in the swiss-cheese models are only somewhat deep. By using equation (A4), other swiss-cheese models with deeper voids have been constructed. These models' fluctuations in δv are also well below the expected ELT accuracy, in agreement with the results shown in figure 7 .
